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Abstract. We introduce a concept that we call module restric- 
tion, which generalises the classical Weil restriction. After having 
established some fundamental properties, as existence and etaleness, 
we apply our results to show that the Quot functor Quot" of 

Grothendieck is representable by an algebraic space, for any quasi- 
coherent sheaf Fx on any separated algebraic space Xj S. 



Introduction 

The main novelty in this article is the introduction of the module 
restriction, which is a generalisation of the classical Weil restriction. 
Our main motivation for introducing the module restriction is given by 
our application to the Quot functor of Grothendieck. 

If Fx is a quasi- coherent sheaf on a scheme X — > S, then the Quot 
functor Quot^ parametrises quotients of Fx that are flat and with 
proper support over the base. For projective schemes X — y S the 
Quot functor is represented by a scheme given as a disjoint union of 
projective schemes |Gro95] . When X — > S is locally of finite type and 
separated, Artin showed that the Quot functor is representable by an 
algebraic space ( [Art69] and erratum in |Art74] ). 

When the fixed sheaf Fx = Gx is the structure sheaf of X the Quot 
functor is referred to as the Hilbert functor Hilb y/g. 

Grothendieck who both introduced the Quot functor and showed rep- 
resentability for projective X — > S, also pointed out the connection 
between the Hilbert scheme and the Weil restriction |Gro95[ 4. Vari- 
antes]. U f: Y — > A is a morphism with A separated over the base, 
there is an open subset ^ly-^x of Hilb y /y from where the push-forward 
map is defined. The fibres of /*: ^y-^x — > Hilb y/g are identified 
with the Weil restrictions. 

However, even though the Weil restriction appears naturally in con- 
nection with Hilbert schemes, there does not seem to exist any descrip- 
tion of the more general situation with the Quot scheme replacing the 
Hilbert scheme. The purpose of this article is to give such a descrip- 
tion with the Quot functor Quot" ,„ parametrising quotients of Fx 

that are flat, with finite support and of relative rank n, over the base. 
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In order to do so we will need to introduce a generalisation of the Weil 
restriction. 

Generalisations of the Weil restriction exist ( |Ols06] and |Ver72j ). 
but those generalisations leap off in different directions than what is 
needed for the present discussion. The generalisation we undertake 
here is in the direction from ideals to modules. 

We fix a homomorphism of A-algebras B — y R, and a -B-module 
M. The module restriction ^od'^^^ parametrises, as a functor from 
y4-algebras to sets, i?-module structures extending the fixed -B-module 
structure on M. 

When M is finitely generated and projective as an A-module, we 
show that the module restriction ^odj^_^j^ is representable by an A- 
algebra. We show representability by constructing the representing 
object in the free algebra situation, and using Fitting ideals in the 
general situation. 

Furthermore, when the -B-module M is a quotient of B, then we 
obtain that the module restriction ^odj^^j^ coincides with the Weil 
restriction. 

These observations are summarised by the following result. 

Theorem 1. Let X — y S he a separated morphism of schemes (or 
algebraic spaces) and let ^oh^^^ denote the stack of quasi- coherent 
sheaves on X that are fiat, with finite support and of relative rank n 
over the base S . For any affine morphism f : Y — > X the push-forward 
map 

W f.-.^oh^/s—^'^oh-x/s 
is schematically representable. 

The fibers of the push-forward map (^) are the module restrictions 
parametrising sheaves on ^ on y that are flat, finite, and of relative 
rank n over the base, such that the push-forward f^J^ is isomorphic to 
a fixed S' on X. 

When the morphism / : Y — y X is etale, then the the push-forward 
map {-k) is not in general etale. The push-forward map (^) is only 
etale when restricted to the open substack ^y^x consisting of sheaves 
^ G ^oHy/s on Y, such that the induced map of supports 

Supp(^) ^ Supp(/,^) 

is an isomorphism. 

These requirements concerning the support of the sheaves, highlights 
differences between the Quot functor and the Hilbert functor. Fibers 
of {-k) over S = Gz-, structure sheaves of closed subschemes Z C X, 
are etale when / : X — y Y is etale. 

Let : '^y-j.x — 'y '^oh\jg also denote the restriction of (*) to the 
open substack where the induced map of supports is an isomorphism. If 
we denote Z = Supp(i^), the support of a given element S' in '^oh^,g, 
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then the fiber over is the Weil restriction oiY ^ixZ — )■ Z. Thus, the 
Weil restriction appears naturally in the more general context with the 
Quot functors as well. Even though the support Z = Supp(i^') — > S is 
not necessarily fiat, it turns out that in our situation the Weil restriction 
ofYxxZ — > Z still exists as a scheme. 

Having established these technical results concerning the support, 
the representability of Quot^ follows easily. Let Fy denote the pull- 
back of the quasi- coherent sheaf Fx along /: Y — > X. There is a 
natural, forgetful, map Quot^ — )■ ^oh^^^ whose pull-back along 

the push-forward map (^) restricted to %'y^x, gives a representable, 
etale covering 

This etale cover specializes in the Hilbert functor situation, that is with 
Fx = Gxi to the classical cover mentioned earlier, with the fibers being 
Weil restriction. We obtain the following result. 

Theorem 2. Let X — > S be a separated map of algebraic spaces, and 
Fx a quasi- coherent sheaf on X . Then the Quot functor Quot" ,^ is 

Fx/ J 

representable by an algebraic space. 

In particular this generalises the result about the representability of 
the Hilbert functor Hilbx/s described in |ES04j . See also the generali- 
sation to Hilbert stacks in |Rydll| . The result also extends the earlier 
mentioned result of Artin in the sense that we do not assume the map 
X — > S to be of finite type, and there is no restriction on the base S. 

Acknowledgements. Comments and corrections from Dan Laksov 
and David Rydh were important for the presentation of this manu- 
script. Discussion with Runar He about non-commutative ring theory 
were also helpful and clarifying. 



1. Fitting ideals 

We will in this first section point out some facts about Fitting ideals 
that we will use later on. 

1.1. Conventions. A commutative ring A is always a unital commu- 
tative ring. The category of A-algebras, means the category of com- 
mutative y4- algebras. 

Lemma 1.2. Let E be a projective A-module of rank n. Let E — > Q 
be a quotient module, and let C A denote the (n — 1) 'st Fitting 

ideal of Q. Then the A-module map E — > Q is an isomorphism if and 
only if Fn-i{Q) = is the zero ideal. In particular we have that a ring 
homomorphism A — y A' will factorise via A/Fn-i{Q) if and only if 
E A' — > Q A' is an isomorphism. 
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Proof. The statement can be checked locally on A, hence we may as- 
sume that E is free of finite rank n. The result then follows from the 
definition of the Fitting ideal. □ 

1.3. Rank of projective modules. The rank of a projective module 
E is constant on the connected components of Spec(74). We will em- 
ploy the following notation. Let J C be a submodule of a finitely 
generated and projective module E. We let 

Fitt(/) := F,^E-i{E/I) C A 

denote the Fitting ideal we obtain by assigning on each connected com- 
ponent of Spec(y4) the Fitting ideal Fn-i{E / 1) , where n is the rank of 
E on that particular component. 

1.4. Closed conditions. Let F be a co- variant functor from the cate- 
gory (or a subcategory) of A-algebras to sets. We say that F is a closed 
condition on A if the functor F is representable by a quotient algebra 
of A. 

Proposition 1.5. Let ^: R — > E be an A-module homomorphism. 
Assume that E is finitely generated and projective as an A-module. 

(1) Let I (1 R be a submodule. Then C, factorising via the quotient 
map R — )■ R/I is a closed condition on A. 

(2) Let ^' : R — y E be another A-module homomorphism. Then ^ 
being equal to ^' is a closed condition on A. 

Proof. In the first situation consider the Fitting ideal Fitt(/i), of the 
quotient module of E given by /i = ^(/). In the second situation 
consider the Fitting ideal Fitt(/2), of the quotient module of E given 
by the A-submodule 

l2 = {ax)-e{x)\xeR}. 

It then follows from Lemma fL2] that assertions 1 and 2 are represented 
by the quotient algebras A/Fitt(/i) and A/Fitt(/2), respectively. □ 

1.6. With an A-algebra E, with E not necessarily commutative, we 
mean a unital ring homomorphism c: A — y E from a commutative 
ring A, to an associative, unital ring E, and where the image c{A) is 
contained in the centre of E jBou98j . 

Corollary 1.7. Let ^ : R — y E be an A-algebra homomorphism be- 
tween two not necessarily commutative, A-algebras. Assume that E is 
finitely generated and projective as an A-module. 

(1) Let I C R be a two-sided ideal. Then ^ factorising via the 
quotient map R — y R/I is a closed condition on A. 

(2) Let ^' : R — y E be another A-algebra homomorphism. Then ^ 
being equal to ^' is a closed condition on A. 
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Proof. In both cases the question is whether a submodule of E is zero 
or not, and then the statement follows from the proposition. □ 

Proposition 1.8. Let Ri — > E be two A-algebra homomorphisms 
between not necessarily commutative A-algebras {i = 1,2). Assume that 
E is finitely generated and projective as an A-module. Then the condi- 
tion that ^1 commutes with ^2 is a closed condition on A. In particular, 
if Ri and R2 are commutative, then the two A-algebra homomorphisms 
^i'. Ri — > E factorising via Ri ^^R2 is a closed condition on A. 

Proof. We consider the Fitting ideal Fitt(/), where I ^ E is the A- 
submodule 

/ = {Ux)Uy) - Uy)Ux) IxeR^ye R2}. 

The condition that commutes with ^2 is that the module I is the 
zero module. Hence, by Lemma [1.21 we get that y4/Fitt(/) represents 
this condition. To prove the second statement, consider the induced 
commutative diagram of A-algebras and A-algebra homomorphisms 

i?i(g)^A/Fitt(/) ^^E(g)^A/Fitt(/) . 

A/Fitt(J) R2 (g)^ A/Fitt(/) 

Since the images of ^1 ® 1 and ^2 ® 1 commute, over A/Fitt(J), we get 
an induced A-algebra homomorphism 

6^6: ^1 <S)a R2 <S)a ^/Fitt(/) E (g)^ A/Fitt(/) , 

sending xi ® X2 ® a to G(2^i)'C2(2^2) ® ct- Conversely, let A — )■ A' 
be an A-algebra, and assume that the two A-algebra homomorphisms 
^i'. Ri — y EI^^A' factorises via i?i(g)^i?2- Let ^: -Ri(g)^-R2 — > 
E (g)^ A' denote the induced map. Then in particular the image of 
^ is a commutative A-algebra. By the usual properties of the tensor 
product we have that ^ is the pair (^1,^2)- Moreover, since the image 
of ^ is a commutative subring of E (g)^ A', we have that the images of 
^i'. Ri — > EI^^A' commute. Then, by the above result, we get that 
the homomorphism A — > A' factorises via A/Fitt(/). □ 

1.9. Trace map. Let £^ be an A-module. The dual module Hom^(i?, A) 
we will denote by E*. The trace map is the induced A-module homo- 
morphism 

(1.9.1) Tt:E<^^E* ^A. 

Proposition 1.10. Let I (1 E be an inclusion of A-modules, where E 
is finitely generated and projective. Then we have the identity of ideals 
Tt{I ^^E*) = Fitt(/) in A, where Tr denotes the trace map 1 1 . 9J[ 
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Proof. Both the Fitting ideal and the trace map Tr commute with base 
change, and we may therefore assume that E is free as an A-module. 
Take a presentation of the A-module /. That is we consider the map 
of free A- modules 

(1-10.1) eae.^^e„ ^E 

determined by sending to /„, where {fa}a€si/ is a collection of gener- 
ators of the y4- module /. The cokernel of the map ll-lOTTl is by definition 
E/I, and consequently the [n — l)-minors of the map generate the Fit- 
ting ideal Fitt(/). Let ei, . . . , e„ be a basis for E. Any f E E is then 
uniquely written as 

n 
k=l 

with ff,...,f^ in A. We obtain then that the (n — l)-minors of the 
map 11.10.11 are {{fo,)f,..., {fa)n}a£s/- We can now relate the Fitting 
ideal Fitt(/) to the other ideal Tr(J (g)^ E*). Let e^, . . . , denote the 
dual basis for E*. For each A; = 1, . . . , n we have that 

n 

1=1 

Thus {{fa)i , ■ ■ ■ , {fa)n}aes!/ also generate the Tt{I I^^E*), and we 
have proven the equality of ideals. □ 

2. Parametrising algebra homomorphisms 

2.1. Notation. If V is an A-module, we let A[V] denote the symmetric 
quotient algebra of the full tensor algebra TA_iV) = 0„>o V®" . 

2.2. Preliminaries. Let A — y R and A — y E be two, not necessarily 
commutative, A-algebras. We consider the functor Hom ^f-R, E), that 
to each commutative A-algebra A', assigns the set 

HomA_aig(i?,S(8)^A') . 

Remark 2.3. Since E is an A-algebra, the tensor product E^j^A' 
exists and is an A'-algebra. 

Proposition 2.4. Let A be a commutative ring, and let c: A — > E be 

an A-algebra, where E is not necessarily commutative. Assume that E 
is finitely generated and projective as an A-module. For any A-module 
V we have that the A-algebra A\V E*] represents Hom^(-R, E), with 
R = Ta{V). 

Proof. An A-algebra homomorphism ua''- TAiV) — > E^j^^A' is de- 
termined by an A'-linear map ui: V ^j^^A' — > E^j^A' . Since E is 
finitely generated and projective as an A-module, the A'-linear map Ui 
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is equivalent with an A'-linear map ipi : V 0^ A' (^^, {E A')* — y 
A'. Moreover, the canonical map 

Hom^(E, A) (g)^ A' ^ Hom^' {E (g)^ A', A') 

is an isomorphism ( |Bou98[ 4.3. Proposition 7]). Therefore ipi corre- 
sponds to an y4-algebra homomorphism ip: A[V^^E*] — y A'. See 
e.g. |Die62] . or |Bou98] . □ 

Corollary 2.5. Let A — y R and A — y E be two, not necessarily 
commutative, A-algebras. Assume that E is finitely generated and pro- 
jective as an A-module. Then Hom ^f-R, E) is representable. 

Proof. Write R = Ta{V)/I, for some two-sided ideal / C TAiV), for 
some A-module V. By Proposition 12.41 the functor Hom^(T4(F), E) is 
representable hj H = A[VIS)a ^1- Let /i : Ta(I^) (g)^ if — y E^^H 
denote the universal map. We are interested describing those A-algebra 
maps H — y A' that factorise via R. The result now follows by apply- 
ing Corollary 11.71 (1). to the ii-algebra /i (and where the objects in the 
category are ii-algebras, and the morphisms are ii-algebra homomor- 
phisms that also are A-linear). □ 

2.6. Non-commutative Weil restrictions. Let g: A — y B and 

/: B — y R be homomorphisms of commutative rings. Let c: A — y E 
be an A-algebra, where E is not necessarily commutative, and assume 
that we have an A-algebra homomorphism /i: B — y E. Thus we fix 
the following data 

(2.6.1) A^^B^^R 

E 

where c = fi o g. We consider the functor Hom ^f-R, E), from the 
category of commutative A-algebras to sets, that for any A-algebra A' 
assigns the set of 5-algebra homomorphisms 

HomB_aig(i?,i^(8)^A'). 

With a 5-algebra homomorphism ^ : R — y E (g)^ A' we mean an A- 
algebra homomorphism, that also is i?-linear. 

Remark 2.7. It is important for applications that we have in mind that 
we do not assume that fi : B — y E is a i?-algebra. 

Remark 2.8. Let A' be an A-algebra, and let ,^ : R — y E (g)^ A' be a B- 
algebra homomorphism. The morphism C, will factorise as a S (g)^ A'- 
algebra homomorphism R (g)^ A' — y E (g)^ A', which is the identity 
on A'. Therefore the set set of A'- valued points of Hom ^f-R, E) is the 
set 

Home 0^ A'-.\g{R ^A^'^E (g)^ A') . 
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Remark 2.9. When E is commutative, and equal to E = B, then the 
functor Rom piR, B) is by definition the Weil restriction D^B/ij, see e.g. 
|BLR90j . 

Proposition 2.10. Let g: A — > B and h: A — > D be homomor- 
phism of commutative rings, let fi: B — > E be an A-algebra homo- 
morphism, where E is finitely generated and projective as an A-module. 
Then Hom ^fi? (3)^ -D, E) is representable. 

Proof. By Lemma 12.51 the functor Hom^(D,£') is representable. Let 
H be the representing object, and let m : D H — )■ E H be the 
universal map. Let jj, ®1: B 0^ H — )■ E 0^ H denote the induced 
map we get from the fixed A-algebra homomorphism yu: B — > E. By 
Proposition IL8I there is a quotient algebra H — y H/ 1 representing 
the closed condition where /i (8) 1 and u commute. We have that the 
restrictions of the two maps to H/ 1 factorise as 

^®u: B^^D^^H/I ^ E^^H/I . 

It follows that H/I represents Hom pfi? 0^ D,E)- □ 

Corollary 2.11. Let A — > B — > R be homomorphism of commuta- 
tive rings, and let ix: B — y E be an A-algebra homomorphism, where 
the A-algebra E is not necessarily commutative, but is finitely generated 
and projective as an A-module. Then Hom ^f-R, E) is representable. 

Proof. Write as a quotient Ta(V") 5// for some A-module V, 
and some two-sided ideal I C TAiV) 0^ B. By the proposition we 
have that Hom ^ {B Ta{V), E) is representable. Let H denote the 
representing object, and let u: TAiV) 1^ ^ B 1^ ^ H — )■ El^^H de- 
note the universal element. The result then follows by Corollary 11.71 
(1). □ 

2.12. A note on Weil restrictions. Let A — y B he a. homomor- 
phism of commutative rings, and assume that B is finitely generated 
and projective as an A-module. Let V be an A-module. By Proposition 
(EID we have that A[\/(g)^5^] represents Rom JTa(V), B). Let 

u:Ta{V)^BIS)aA[VIS)aB*] 

denote the universal map. We get by extension of scalars an induced 
5-algebra homomorphism 

(2.12.1) ub: BIS)aTa{V) 5 (g)^ A[V 0^ 5*] . 

For any ideal / C S(g)^T^(V), we let mb(J) denote the A[V(^^B*]- 
module generated by the image of /. 

Corollary 2.13. Let g: A — y B be a homomorphism of commutative 
rings, where B is finitely generated and projective as an A-module. Let 
f : B — y R be homomorphisms of rings. Write R = B^^Ta{V)/I 
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as a quotient of the full tensor algebra, where V is some A-module. 
Then the Weil restriction '^r/b = Hom piR, B) is representable by the 
A-algebra 

A[V®^B*]/Yitt{uB{I)) , 
where ub is the universal map \2.lKT[ 

Proof. By Proposition 12.41 we have that the A-algebra A [V^ (3)^-8*] 
represents Hom^(T^(V^), S). Since B is commutative, it follows that 
A[V 0^ B*] also represents Rom piTAiV), B). Then, finally, the result 
follows from Corollary 11.71 (1). □ 

Remark 2.14. The defining properties of the full tensor algebra T^iV) 
as well as the symmetric quotient A\y] are well-known, and can be 
found in e.g. [Die62j and [ Bou98j . The situation with the Weil re- 
striction as in Corollary I2.13|, can be found in e.g. |BLR90t Theorem 
7.4]. 

Example 2.15. We will in this example explicitly describe the cor- 
respondence between maps from TAiV) to -E, and the representing 
object Cy = A[V(^^E*], given by Proposition 12.41 and its corol- 
lary. Assume that the A-algebra E is free as an A-module with basis 
Ci, . . . , e„, and let \^ be a free A-module with basis {ti}i^y. For any 
monomial f = ti^® ■ ■ ■ ®ti^ in Ta(I^), we consider the element f^ in 
E (g)^ A\V (g)^ E*] given as 

n n 

(2.15.1) = ( ^ ® (t,, ® eX)) ■ • • ( ^ ® (t,^ ® e^)) , 

k=l k=l 

where e^, . . . , e* is the dual basis of E* . The element = where 
u is the universal map 

u:Ta{V) E^^A[V ^^E% 

Describing the correspondence given by u for monomials will suffice to 
describe the correspondence for arbitrary elements. We have a unique 
decomposition 

n 

f = Y.^k®fi, 

k=l 

with f^ e A\V ^j^E*], for /c = 1, . . . , If we expand the defining 
expression 12.15.11 of we get that 

l<ki<n 
i=l,...,p 

Each monomial expression e^^ ■ ■ ■ in the free A-module E, can be 
written Yl]j=i for some m^{k) G A, with j = 1, . . . , n, and each 
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ordered tipple k = ki, . . . ,kp. Therefore we get that 

n 

= ^e, ® ( it,, ® el) ■ ■ ■ {t,^ ® el^) ■ m-'(A;)). 

j=\ l<ki<n 
1=1,. ..,p 

In particular we have that 

l<ki<n 
1=1,. ..,p 

for each j = 1, . . . ,n. Thus if wc have a two-sided ideal in Ta{V) 
generated by an element /, then y4[y E*]/ (/f , . . . , /^) represents 
MoniAiTA{V)/{f),E). 

3. Module restrictions 

In this section we will introduce the module restriction, which is the 
main novelty of the article. Prom now on, the algebras A — > B — > R 
are all assumed to be commutative. 

3.1. Module structure. Recall that an A-module structure on an 
Abelian group M is to have a ring homomorphism p: A — > Endz(M). 

The image of p will factorisc via the subring of A-lincar cndomorphisms 
End^(M), making End^(M) an A-algebra: The ring Endyi(M) is unital 
and associative, and the image of the map can: A — y End^(M) lies 
in the centre. 

3.2. Extension of module structures. Let g: A — > B he a homo- 
morphism of rings. If M is an 74-module, then a 5-module structure 
on the set M, extending the fixed A-module structure, is a 5-module 
structure on M that is compatible with the 74-module structure. That 
is, a S-module structure on M extending the A-module structure is 
a ring homomorphism p: B — > End a{M) making the commutative 
diagram 

B EndA(M) . 
g 
A 

Remark 3.3. If we have an A-algebra homomorphism p : B — > EndA(M), 
then the map will factorisc via EndB(M). In particular we have that 
EndB(M) is a S-algebra, but in general EndA(M) is not a S-algebra. 

Definition 3.4. Let g: A — > B and /: B — > R be commutative 
algebras and homomorphisms, and let M be a S-module. We define the 
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functor ^od^^j^, from the category of A-algebras to sets, by assigning 
to each A-algebra A' the set 

^^^M /^/\ _ f -R-module structures on M(^^74', extending 1 
B^R\ ) — I ^]^g fixed E-module structure on Ml^^A'. J 

We call this functor the module restriction. 

Theorem 3.5. Let g: A — y B and /: B — > R he homomorphism 
of commutative rings, and let M be a B-module. Assume that M , 
considered as an A-module, is projective and finitely generated. Then 
the functor ^od^^^ is naturally identified with Hom ^f-R, E), where 
E = End^(M), and in particular the functor ^ od^^^^j^ is representable. 

Proof. Since M is a i?-module, we have that M is also an A-module. 
In particular we have that the i?-module structure on M extends the 
A-module structure. Thus, the 5-module structure on M is given 
by an A- algebra homomorphism fi: B — > End^(M). Let A' be an 
A-algebra, and let ^ be an A'-valued point of the module restriction 
^od^^^. Then we have that the A'-valued point is a A'-algebra 
homomorphism making the following commutative diagram 

(3.5.1) i?(g)^A'^-^End^/(M(g)^A') 



where v is the canonical map. Since M is finitely generated and pro- 
jective, the map v is an isomorphism ( |Bou98[ 4.3. Proposition 7]). 
The commutativity then means that the A'-algebra homomorphism ^ 
is S-linear. In other words, we have a natural identification of functors 

^od^^R = RompiR, E), 

with E = EndA(M). As M is projective and finitely generated, so 
is E, and the statement about representability follows from Corollary 
I2A31 □ 

3.6. A result about gluing. For any element x in a ring R we let 
Rx = R[T]/{Tx — 1) denote the localisation of R at x. 

Lemma 3.7. Let E be an A-algebra which is finitely generated and 
projective as an A-module, and let A — > B — > R be homomor- 
phism of commutative rings. For any element x in R the scheme 
Spec(Hom^(i?a;, E)) is an open subscheme o/Spec(IIom^(-R, E)). More- 
over, if y is another element of R, then we have 

STpec( B.om g( Rj.y, E)) = Specf Hom ^f-R.,., E)) fl Specf Hom ^f-R,^, E)). 

Proof. Let H denote the A-algebra that represents Hom ^f-R, E), and 
let ^ : R — > E H denote the universal map. Let x be an element of 
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R. Then the universal map ^ : R — > E H factorises via R — > R^ 
if and only if ^{x) is a unit in E^j^H. The element ^(x) in the 
finitely generated and projective if-module E if is a unit if and 
only if d{x) = det(e e ■ C,{x)) in H is invertible. It follows that -ffd(x) 
represents Hom^(-Ra;, i?). □ 



4. Module restriction in a geometric context 

In this section we will set our result about module restrictions in a 
geometric context. 

4.1. Relative rank and finite support. Let be quasi- coherent 
sheaf of modules on an algebraic space X. The support of S' is the 
closed subspace Supp(<f) of X determined by the annihilator ann(^). 

Definition 4.2. Let g: X — > 5* be a morphism of algebraic spaces, 
and a quasi-coherent sheaf on X. We say that <f is finite, flat of 
relative rank n over 5", if is flat over S, and Supp(<f ) is finite over 
S, and the locally free i^^-module g^:(S' has constant rank n. 

4.3. If the quasi- coherent ^x-niodule S' is finite, fiat of rank n over the 
base S, then it follows that ^ is coherent <^x-niodule. In particular the 
underlying set |Supp((l')| of the support, is precisely the set of points 
where the sheaf S' is non-zero. 



4.4. We denote by '^oh\ig the stack f |LMBOO] and |Lie06] ) of quasi- 
coherent sheaves on X, that are finite, fiat and of relative rank n over S. 
A morphism between two objects S and ^ in '^ohx/s{T), where T — > 
S" is a scheme over 5", is an ^xxgT-niodule isomorphism Lp: S — > ^ . 
If T — > S" is a morphism then we have an isomorphism of stacks 

(4.4.1) ^oh\^^^i^^^oh\is^sT. 

Lemma 4.5. Let X — )■ S be a separated map of algebraic spaces, and 
let f : Y — y X be a morphism of S -spaces. Then the push-forward 
gives a map : "T^ohY/g — >■ ^oh^^g . 

Proof. Let T — > S* be a morphism with T a scheme, and let S be an 
element of '^ohyy^^T/x- Since the support Z = Supp(^) by assumption 
is finite over T, and the map / : Y — > X is separated, we have that the 
composition fx'- Z ^Y XgT — y X XgT is finite |Gro6H Proposition 
6.15]. In particular we have that /t*^ = <S'x is quasi- coherent. The 
support of S'x is the image of the support of S". Thus the support (ox 
is proper and quasi-finite over T, hence finite. If gT'- X XsT — > T is 
the projection map, we have by definition that gr o fr is the projection 
map from Y XsT. It follows that /t*'^ is finite, fiat of relative rank n 
over T. □ 
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Remark 4.6. Since the support of an element cS' in ^oh^^g{T) is finite, 
and in particular proper over the base T, it follows that 

is an open substack for an open subspace t/ C X (see e.g. |Gro95j ). 

Theorem 4.7. Let f : Y — > X and g: X — > S he morphisms of 
affine schemes X, Y and S . Then we have that the push-forward map 
/* : ^oHy/s — > '^^^x/s ^■^ schematically representable. 

Proof. We want to see that for arbitrary scheme T, the fibre product 
(4.7.1) Tx.^,,n^^^oh^/s 

is representable by a module restriction. By Lemma 13.71 the module 
restrictions are Zariski sheaves, and we may assume that T is affine. We 
may, by 14.4. 1[ assume that T = S. Let (o in ^oh\ig{S) be the element 
corresponding to a given map S — )■ '^oh\ig. Let S = Spec (A), X = 
Spec(i?), and let M be the -B-module corresponding to the sheaf ff on 
X. Then M is projective and finitely generated as an A-module, and 
we have by Theorem 13.51 the A-algebra ^od^^p^ where Y = Spec(-R). 
We have a natural map 

a: Spec{^ odjj'^^) ^ S x^oh'^^^ '^oh'^^g 

given as follows. Let u' : Spec(A') — )■ Spec(^0(i^^_^^) be a mor- 
phism of affine schemes over S. By the defining properties of the 
module restriction ^odj^^j^, the morphism u' corresponds to a i?' = 
R y4'-module structure on M' = M A', extending the fixed 
B' = 5 (g)^ v4'-module structure. Let C.: R' — > EndB/(M') be the B- 
algebra homomorphism corresponding to the i?'-module structure on 
M'. And let denote the corresponding quasi-coherent sheaf on 
Y' = Y xs S'. Then a{u') = (s',^y/,id), where s' : S' — > S is the 
structure map. The map a is a monomorphism, and we need to see 
that it also is essentially surjective. 

Let (s', ip) be a S" = Spec(A')-valued point of the fibre product 
I4.7.1[ Let be the R! = R 0^ A'-module corresponding to the sheaf 
^ on y X 5 S". Then ip corresponds to a. B' = B A'-module iso- 
morphism ip : M' = M (g)^ A' — > N. We get an induced -B'-algebra 
isomorphism 

ij: EndB/(M') ^ Ends' (N) . 

Finally, let R' — > Ends' (N) be the i?'-algebra homomorphism 
corresponding to the i?'-module structure on A^. The composition of ^' 
with gives a i?'-algebra homomorphism ^ : R' — > Ends' (M'). By 
the defining properties of the module restriction ^od^^j^ there exists 
a unique u' : S' — > Spec(^0(i|f_^^) corresponding to ^. Thus a{u') 
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is isomorphic to {s',^,iIj), and we have shown that a is essentially 
surjective. □ 

Corollary 4.8. Let f : X — > S be a separated map of an algebraic 
spaces, and let f : Y — > X be an affine morphism of S -spaces. Then 
the push-forward map 

fsf '. 'T^ohy^g ^ '^^^'x/s 

is schematically representable. 

Proof. By 14.4.11 it suffices to show the result for affine base scheme 
S. By Lemma 13.71 it suffices to show representability for fibres on T- 
valued points of "^o/i^^^, with affine T. Then the result follows from 
the theorem. □ 

Lemma 4.9. Let g: X — > S be a separated map of algebraic spaces, 
and let f : Y — > X be an affine morphism. Then the natural morphism 

'^Ohy/S ^'^Oh^^g 'T^Ohy/S ^ ^Ohylg X ^ ^ oky^ g 

is a closed immersion. 

Proof. We may assume that 5* is affine. By 14.4.11 it suffices to check 
closedness for ^-valued points. Let S'l and we two S-valued points 
of ^ohyig such that g*f*S'i = g*f*S'2 are equal as ^-modules. Let S = 

Spec(A), and let M be an A-module such that M = g^f^S'i = 5'*/*ff2- 
Let Spec(i?) be an open subscheme of X, and let /~^(Spec(-B)) = 
Spec(i?). The sheaves S' and S" restricted to Spec(-R) are given by two 
i?-module structures on M, say : R — > EndA(M), for i = 1,2. These 
two morphisms composed with the structure map v?: B — y R, gives 
two A-algebra homomorphisms ^,1° <^'. B — )■ EndA(M). By Corollary 
11.71 the equality of these two maps is a closed condition on A. □ 

5. Weil restrictions revisited 

We will in this section define an open subfunctor of the module 
restriction that inherits properties as etaleness. 

Proposition 5.1. Let f : B — > R be homomorphism of commutative 
A-algebras, and let DIr/b = Hom pf-R, B) denote the Weil restriction 
functor. Then we have that 

(1) If f : B — > R is of finite presentation, then ^r/b is of finite 
presentation. 

(2) If f : B — )■ R satisfies the infinitesimal lifting property for 
etaleness (respectively smoothness), then the functor '^rj b sat- 
isfies the corresponding infinitesimal lifting property. 

Proof. We will use the functorial characterisation |Gro66l 8.14.2.2] to 
prove the first assertion. If we have a directed system of A-algebras 
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(and A-algebra homomorphisms) {Aa}aes/, then we obtain an induced 
injective map 

(5.1.1) limD\n/BiA^) 9^ii/B(lim(A„)). 

We need to see that this map 15.1.11 is a bijection. Let hm_> Aa = A', 
and let C,' G y\R/B{A'). Then we obtain the following commutative 
diagram 



R 



f 




B -5(g)^A', 

and in particular we have that ^' is a -B-algebra homomorphism. As 
lim^{B^^Aa) = B^j^A', and as f : B — > R is of finite presenta- 
tion, we have a bijection 

lim (HomB.aig(i?,5(g)^A„)) ^ HomB.aig(i?, 5 (g)^ A') . 

Consequently ^' = {C,a} is a sequence of i?-algebra homomorphisms 
£ ^R/B{Aa). Tlius the map 15.1.11 is a bijection, and OIr/b is of 
finite presentation. To check the two remaining assertions, let A' be an 
A-algebra, and N ^ A' a nilpotent ideal. Let C,n be an A'/A^- valued 
point of yin/B- We then obtain the following commutative diagram 

R i^Bl^^A'/N 

f 

B -S(8)^A'. 

Now, as iV C A' is nilpotent, the kernel of the canonical map 

BI^^A' — > B<^^ A'/N = B/NB 

is nilpotent. Then if f: B — > R has an infinitesimal lifting property, 
we obtain a lifting R — )• Bl^^A' of ^jv- Then ^' is an A'- valued 
point of yin/B, and we have proved the last assertions. □ 

Remark 5.2. It is well-known that the Weil restriction inherits 
properties as etaleness, smoothness, if B — > R is etale, respectively 
smooth. In |BLR90] . e.g., these and other properties are shown for the 
Weil restriction, however with some assumptions that does not apply 
in our context. 

Example 5.3. We give here an example showing that if B — > R is 
etale, then Hom ^f-R, E) will not necessarily satisfy the infinitesimal 
lifting property. That fact was pointed out to us by Dan Laksov, who 
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thereby corrected an error we had in a ear her version of this article. 
Consider first the matrices 



X 



and y 



Ci + 026 



bi + 
di + 



where the entries of the matrices arc in some ring A, where e is a 
non-zero element such that = 0. Since 



xy 







hie 




and yx 



he 

cie 



these matrices do not in general commute. However, when we set e = 0, 
the matrix x becomes the zero matrix and the reduced matrices clearly 
commute. Therefore we have the following. Let A — A;[e]/(e^), over 
a field k. Let B = A[X] denote the polynomial ring in the variable 
X over A, and let M = A^ A. The matrix x gives a 5-module 
structure on M by sending the variable X to the matrix x. Thus we 
have an A-algebra homomorphism fj,: B — > End^(A0 A) = E. We 
let R — A[X, Y]/ {Y^ — 1), which is ctale over B when the characteristic 
of k is different from two. We let furthermore A' = A, and the nilpotent 
ideal N = (e) Q A. We then have the following commutative diagram 



B = A[X] 



f 



R^A[x, y]/(y2_i) 



End^(A A) Endfc(A; ^k)=E<^^k, 

where ^: R — > Endk{k^k) is determined by sending X to and 
sending Y to the endomorphism given by the matrix y ■ ^ 



-1 



Any lifting of y to an element in Endyi(74074) is of the form 



y 



a2e 
-1 + C2e 



-1 + b2e 
d2e 



with elements 02, &2, C2, ^2 in A;. From the considerations above we have 
that no such lifting will commute with the matrix x. Therefore there 
exist no i?-algebra homomorphism ^: R — > End a{A^ A) that ex- 
tends Thus, even ii f : B — )■ R is etale, the A-algebra Homg(i?, £'), 
and ^od^^j^, are not necessarily etale. 

Example 5.4. Our next example shows that even if B — > R is of 
finite presentation, the 74-algebra representing Hom ^fi?, E) is not of 
finite presentation. It follows, though, from the constructions that if 
B — y R is of finite type, then the A-algebra Rom giR, E) is of finite 
type. 

Let A — k[wi\i>Q be the polynomial ring in a countable number of 
variables wi,W2,... over some ring k. Let M = ^0^4 be the free 
A-module of rank 2. From the polynomial ring in one variable A\T\ 
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over A, we obtain an y4[T]-module structure on M by sending T to the 
matrix 

• 

Let B = A[Xi]i>i be the polynomial ring in the variables Xi,X2, . . . , 
over A. For each i we consider the matrix 

Wi 
_ Wi+i_ 

Since the diagonal matrices commute, we get an 5-module structure on 
M by sending the variable Xi to the matrix Xi. One checks that the two 
^-algebra homomorphisms fi: B — )■ E = Endyi(M) and u: A[T] — > 
E commute if and only if Wi = Wj+i, for all i = 1,2, . . .. Thus, the 
closed condition on A over where the two maps n and u commute 
is given by A/{wi — u^j+i)j>i, which is not of finite presentation. As 
finite presentation is preserved under specialisation, we get that the A- 
algebra Hom^(i? A[T], E) can not be of finite presentation either. 

5.5. Isomorphic image functor. Let A — > B — > R be homomor- 
phisms of commutative rings, and let n: B — > E he a homomorphism 
of A-algebras, where E is not necessarily commutative. We will define 
a subfunctor 

(5.5.1) Im|=^ C Rom piR, E). 

Recall that an A'- valued point of Hom^(i?, E) is an A'-algebra homo- 
morphism ^' that fits into the following commutative diagram 

(5.5.2) R^A"^ 




B^A^^E^^A'. 

In particular we have an induced map B^j^A' — v Im(^'), where 
Im(^') denotes the image of the homomorphism For any A-algebra 
A', we let 

Im|^^(A') = G Hom pfi?, E) such that Im(^ ® 1) = Im(^')}- 

Proposition 5.6. Let A — > B — > R he homomorphism of commuta- 
tive rings, and let fi: B — > E be an A-algebra homomorphism with E 
not necessarily commutative. Assume that E is finitely generated and 
projective as an A-module, and that B — )■ R is of finite type. Then the 
functor Im;|_jj, is representable by an open subscheme of Hom ^f-R, E). 

Proof. Let H be the A-algebra representing the functor Hom ^f-R, E), 
Corollary 12. Ill Let ^ : R H — > E H denote the universal ele- 
ment of Hom ^f-R, E), and let Im(^) C E H denote the image of ^. 
Let furthermore, Bh denote the image of /x® 1 : B 0^ H — > E 0^ H. 
We have the inclusion of -B/^-modules Bh ^ Im(^) C E^^H. Any 
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element x & E H gives by multiplication, an if-linear endomor- 
phism on E (3)^ H. The Cayley-Hamilton theorem guarantees that the 
element x will satisfy its characteristic polynomial, and consequently 
that X is integral over H . From this we deduce the following two con- 
sequences. Firstly, since R is finite type over B we have that Im(^) is 
a finitely generated -B/^-module. In particular the quotient 5/f-module 
Im(^)/i?/f has closed support Z C Spec(-BH) given by the annihilator 
ideal anns^(Im(^)/i?ij). Secondly, as Bh is integral over H, the corre- 
sponding morphism g: Spec(i?//) — )■ Spec(if) is closed. Thus g{Z) is 
the closed subscheme given by the ideal ann^^ (Im(,^)/ Bh)^H. And as 
g^^{g{Z)) = Z it is clear that the open subscheme U = Spec(if) \g{Z) 
represents Imf^^. □ 

Remark 5.7. Similar result can be found in |Ryd08| . 

5.8. Properties of the Isomorphic image functor. We keep the 
notation introduced above, and assume that the A-algebra E is finitely 
generated and projective as an A-module. Let H be the A-algebra 
representing Hom^(-R, E), and let ^ : -R H — > E H denote the 
universal element. We then have the following commutative diagram 

(5.8.1) R^aH ^Rh 




B^^H ^Bn^lmii) ^E^^H, 

where Bh is the image oi ^ ® 1: B H — > E iJ, and where 

Rh = R'S>B ^H- 

5.8.1. When we restrict the diagram 15. 8. II to the open subscheme U C 
Spec(if) representing Imf Proposition [5]6l we get by definition that 
the map of (^(/-modules 

(5.8.2) t\u: Bh\u-^MO\u 

is surjective. As [/ C Spec(if ) is an open immersion, and in particular a 
fiat map that preserves injectivity, we get that the restriction morphism 
15.8.21 is an isomorphism. 

Proposition 5.9. Let A — > B — y R be homomorphism of commu- 
tative rings, and let fi: B — y E be an A-algebra homomorphism, with 
E not necessarily commutative. Assume that E is finitely generated 
and projective as an A-module, and that B — y R is of finite type. 
Let H be the A-algebra representing Hom ^f-R, E). Let Bh denote the 
image of the composite map ^ ® 1: B (3)^ H — y E (3)^ H , and let 
Rh = R^qBh. Then we have that the functor Imf equals the 
Weil restriction D^R^/Bff In particular we have that the Weil restric- 
tion y^Rff/Bn ^■^ representable by a scheme. 
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Proof. Let A' be an A-algebra, and let ip: Spec(A') — >■ Spec{H) be 
a morphism that factorises via the open immersion U C Spec{H), 
where U represents Imf From the diagram 15.8.11 we obtain the 
commutative diagram 

(5.9.1) Rh^a^' 

As if factors via U C Spec(iJ) we get from I5.8.2[ that i (g) 1 in 
the diagram above is an isomorphism. We have that Bh ^' = 
Bh 0^ ^ 'SIh ^ ~ (S^A Consequently the composition 

Rh <^h ^ = Rh (8)a ^ (g)^ A' ^ Bh <S>a ^' 

is an A'-valued point of the Weil restriction y{jij^/B„, with j = (i®l)~^. 

Conversely, let s : Rh <S>a ^ — ^ ®a ^ A'- valued point 

of the Weil restriction. We then get the commutative diagram 

R ^Rh^a^ 

s 

B ^Bh(S)a^'^ mo ^a A'- 

The composition R — > Im(^)(^^A' — > El^j^A' is an A'-valued 
point ^' of Hom ^f-R, E). By construction the image of ^' equals the 
image of /i® 1 : B A' — > E A'. Hence we have that ^' is an A'- 
valued point of Imf We have now constructed a functorial bijection 
between the A'- valued points of Imf _^ and the A'- valued points of the 
Weil restriction UIr^/Bh- □ 

Remark 5.10. Note that the A-algebra Bh is not assumed to be finitely 
generated or projective as an A-module. 

Corollary 5.11. Let A — > B — y R be homomorphism of commuta- 
tive rings, and let fi: B — > E be an A-algebra homomorphism, with 
E not necessarily commutative. Assume that E is finitely generated 
and projective as an A-module, and that B — > R is etale (smooth). 
Then the scheme representing the functor Imf _^ is etale (respectively 
smooth). 

Proof. If f : B — y R is etale, or smooth, then in particular it is of finite 
type. Hence, by Proposition 15. 6[ the functor Imf is representable by 
a scheme. Moreover, by Proposition 15. 91 we have that Imf =k equals the 
Weil restriction where we use the notation of Proposition 15.91 

As f : B — > R is etale, or smooth, then we have by base change that 
Bh — > Rh is etale, or respectively smooth. The result then follows 
by Proposition 15.11 □ 
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Corollary 5.12. Let /: B — y R be an A-algebra homomorphism. 
Let M he an B-module, and let E — End^(M). Assume that M is 
finitely generated and projective as an A-module. Then we have that 
for any A-algebra A' , the set of A' -valued points of Imf_^ corresponds 
to R! = R^j^ A' -module structures on M^^A' , extending the fixed 
B' — B A' -module structure, and such that the induced map of 
supports 

B'l anils, (M 0^ A') R! / axmR, (M (g)^ A') 
is an isomorphism. 

Proof. As M projective and finitely generated A-module, we have that 
EndA(M) (g)^ A' = EndA'(^(S)A^')> any A-algebra A'. Then, for 
a given A-algebra A', we have that the kernel of /i ® 1 : -B (g)y^ A' — )■ 
E(g)^A' is the annihilator ideal. Thus, B' / amiBi{M ^j^A') is the 
image of <8) 1, with B' — B^^A'. If ^' is an A'- valued point of 
Imf then we have by definition that 

B'j amiB'{M (g)^ A') = Im(/x 1) = Im(^') = R' / amiR>{M (g)^ A'), 

where i?' = i?(g)^A'. □ 



5.13. Situation with commuative rings. With E = End^(M) we 
have the subfunctor Imf _^ of the modul restriction Hom ^f-R, E). We 
end this section by looking at the special situation when M is not only 
an A-module, but also an A-algebra. Let g : A — y B he a, homomor- 
phism of commutative rings, and consider B as an A-module via this 
homomorphism. We then have the commutative diagram 

B £ EndA{B) 




where c: B — > EndA(-B) is the canonical map. We have furthermore 
that the canonical map c: B — y EndA{B) identifies B with its image. 

Lemma 5.14. Let g: A — V B and f : B — V R be homomorphisms of 
commutative rings. We have that if B — > B' is an A-algebra homo- 
morphism, and we let E = EiadA{B'), then we have equality of functors 
Hom pf.R, E) = Imf^^. 

Proof. Any S-linear algebra homomorphism ^: R — > End a{B) will 
factorise via the inclusion B C End^(i?). For any x E R we have that 
^{x) — is an endomorphism on B. We identify with its evaluation 
on the unit. □ 
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6. Representability of the Quot functor 

6.1. Isomorphic support. Let X — > S be separated morphism of 
algebraic spaces, and let f:Y — y X be a morphism of ^-spaces. 
For each scheme T, and for any element in ^ohy/siT) we have an 
induced map on supports 

(6.1.1) fT\: Supp(^) ^ Supp(/,^). 

Let 

denote the substack, whose objects are ^y^-modules G '^ohyigiT) 
such that the induced map on supports is an closed immersion. 

Proposition 6.2. Let X — )■ S he a separated map of algebraic spaces. 
Let f : Y — > X be a S -morphism that is affine and of finite type. Then 
induced map of stacks 

is a representable open immersion. If furthermore, f : Y — > X is Stale 
(smooth), then the induced composite map 

^Y^x — > 'T^ohy/s — > ^ohx/s 
is etale (respectively smooth). 

Proof. The results follows by Proposition 15.61 and Corollary 15.111 □ 

6.3. The Quot stack. Fix a quasi- coherent sheaf Fx on an algebraic 
space X — )■ S. For any S'-scheme T we let Fxj, denote the pull-back 
of Fx along the first projection px '■ X x s T — > X. The T- valued 
points of the quot stack £luoip^/g are all ^xxsT-module morphisms 
q: Fxj. — > <S', from Fxj. to a quasi- coherent sheaf S" on X Xs T, 
where £' is fiat, finite of relative rank n over T. A morphism between 
two objects q: Fxj. — > <§ and g': Fxj, — > S' is an ^xxsT-module 
isomorphism tp: S — > S' such that q' = if o q. 

Remark 6.4. Note that the maps q\ Fxj. — are not assumed to 
be surjective, and in particular the T-valued points of the quot stack 
nuot^_^/_5 are not quotients of Fx- The definition of the quot stack 
is motivated by the definition of the Hilbert stack in |Rydll| , and in 
ps06] . 

6.5. Identification of pull-backs. We will in the sequel of this article 
return to a particular situation that we describe below. Let T — > S 
be a morphism. Then we have the following Cartesian diagram 

(6.5.1) Y XsT^^X XsT 

Py Px 

Y ^X. 
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For any sheaf Fx on X there is a canonical identification between the 
two sheaves f^Fxr = frP^^x and PYf*Fx- We will denote both these 
two sheaves with Fyj.- We have, furthermore, a natural map 

c: i3uo%/5 -^o/i^/s 

that takes a T- valued point of the quotient stack q : Fxj, — > S to the 
sheaf S . 

Lemma 6.6. Let X — )■ S be a separated map of algebraic spaces, and 
let f : Y — )■ X be a morphism of S -spaces. For any quasi- coherent 
sheaf Fx on X, we have the Cartesian diagram 

/. 

Proof. We first establish the map f^. from Ouot^^/^ to Ouot^^/g. Let 
q\ Fyj. — >■ S' he a. T-valued point of Quot^^^g. The canonical map 
Fxrp — > fT*fTFxT^ where we use the notation of 16.5.11 combined with 
the identification f^Fxj. = Fyj., gives the composition 

(6.6.1) Fx, fxJT^Xr = fT.Fy, /^^ . 



By Lemma ITS) the above sequence is a T-valued point of Huot^^/^. 
Now as we have have the map, the proof is a formal consequence of 
adjunction. □ 

6.7. The Quot functor. Let X — y 5* be a morphism of algebraic 
spaces, and let Fx be a quasi- coherent sheaf on X. The Quot functor 
Quot^ defined by Grothendieck ( jGro95] . |Art69] ) is the functor that 

to each S'-scheme T — > S assigns the set of surjective (^Xy-niodule 
maps q : Fx, — S where S' is finite, fiat and of relative rank n. Two 
surjective maps q: Fx, — > ^ and g': Fx, — f S' are considered as 
equal if their kernels coincide as subsheaves of Fx,- 

6.8. Let q\ Fx, — > S' he a T-valued point of Quot^ We define 

t(^) = ^xxsr/^evq. 
This determines a map l: Quot" _ — > Huotp a. 

6.9. Subfunctors. We will identify two subfunctors of the Quot func- 
tor, and then in the next lemma relate these subfunctors with the stacks 
introduced earlier. Let /: Y — y X be a morphism of ^-spaces, with 
X — y S separated, and let Fx he a quasi-coherent sheaf on X. We 
want to consider the two following subfunctors 
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We define the subfunctor of Quot^ wliose T-valued points 

are surjective ^y^-module maps q: Fy^, — >■ S', wliere is finite, flat 
of rank n over T, such that the induced map of ^XT'^^oduIes 

is surjective, where /* is the push forward map I6.6.1[ And we define 
^Y^x with the further requirement that the induced map of supports 
flG.l.ip is a closed immersion. 



Lemma 6.10. 

and let f : Y - 



Let X — > S be a separated map of algebraic spaces, 
— y X be a map of S-spaces. For any quasi- coherent 



sheaf Fx on X we have that ojy^x ^■^ open subfunctor of Quot 
Moreover, we have the following Cartesian diagrams 



n 

■Fy/S' 



Huot' 



Fx/S 



In particular we have that 
(1) // the morphism f: Y 



X is affine, then the morphism 



£luotp^/g — > iluotp^/g is schematically representable. 
> X is affine and of finite type, then 



(2) Iff:Y- 

subfunctor of Quot 



.Fy/s' ^y^x 



cally representable. 
(3) Finally, if f : Y — y X is affine and Stale, then 



Y^x open 
Quot" ,^ is schemati- 



Quot 



Fx IS 



is a schematically representable. Stale morphism. 



Proof. We first show openness of ooy^x- Let q: 



Fyt 



S' he a T- 



valued point of ^^y^x- By Lemma H75] the sheaf /t*'^ is quasi-coherent 
on X X 5 T. Furthermore, since /r*<^ is finite over the base it follows 
that surjectivity of the map : Fxj. — > fr*'^ is an open condition 
on the base, proving the first claim. 

About the Cartesian diagrams. The upper right diagram is Cartesian 
by Lemma 16.61 We consider the lower right diagram. 



We start by noting that there is a natural map a 
where P is the fibre product in question. If q : Fyj, — > 



^Y^X ^ -P) 

<f is a T-valued 



point of Wy_^X) then by assumption : Fxj. — > fT*<S' is surjective. 
So a{q) = ■j(g), id). The map a is full and faithful. 
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Let (qxySjip) be a T-valued point of the fiber product P, where 
Qx '■ Fxj, — > ^ is surjective, s : Fy^ — f ^ is a map of i^^'yxsr- modules, 
^ and ^ are finite, fiat of relative rank n over the base, and where ^l) is 
an isomorphism of ^xxgT-modules, making the commutative diagram 

fT*fTFxT = fT*FYT ^ /t*^ 



F: 



Ix 



Xt ^ ® ■ 

Consider now the pull-back f^{qx) composed with the adjoint of ip, 

qy. Fy, = r^Fxr fr'^ ^- 

We claim that the <^yxgT- module map qy is surjective. To see this we 
may restrict ourselves to the support Supp(^) C F T of ^ . The 
restriction of /: Y Xs T — > X Xs T to the support of is finite 
( |Gro61l Proposition 6.15]), and in particular affine. It is then clear 
that since ip: ^ — )■ fT*^ is an isomorphism, and then in particular 
surjective, the adjoint map f*S — > ^ is also surjective. Since qx is 
surjective by assumption, so is its pull-back f^iQ)- Thus, the map qy 
is the composition of two surjective maps, and therefore surjective. So 
qy is consequently a T-valued point of Quot" Moreover, since ip 

is an isomorphism it follows that qy is a T-valued point of Uy^x- We 
then have that f^^qy) is isomorphic to '?/'), and thus that a is 

essentially surjective. The leftmost diagram is proven to be Cartesian 
in a similar way. □ 

Theorem 6.11. Let X — )■ S he a separated morphism of algebraic 
spaces, and let Fx be a quasi- coherent sheaf on X . For each integer n, 
the functor Quot^ is representable by a separated algebraic space. 

Proof. As the Quot functor commutes with base change, we may reduce 
to the case with the base S being an affine scheme S = Spec (A). 
Moreover, any T-valued point q: Fx^, — > ^ of Quot" ,„ is such that 

Xp/b 

the support Supp((f ) is finite over the base. Hence the support of the 
quotient S' is contained in an open quasi-compact ?7 C X. Therefore 
we have that 

lim Quot" ,^ = Quot" 

UQX — Pu/S Fx/S 

open, q-compact 

Hence it suffices to show the theorem for X — > S being quasi-compact. 
With X — > S quasi-compact we can find an affine scheme Y — > S 
with an etale, affine and surjective map /: Y — )■ X. With affine 
schemes Y — S we have that Quot^ is represented by a scheme 

([GLSOTj). By Lemma[6l0](2) we get that VL^^x is open in Quot ^_ 
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hence a scheme. Lemma [6. 101 (3) gives that the induced map 

(6.11.1) n^^^ -^l,,s 

is represent able and etale. 

We then want to see that the map fl6.11.ip is surjective. Let k be 
a field and Fx^. — > S" he a. Spec(A;)-valued point of Quot^ where 

we use the notation Xk = X Xs Spec(/c). We want to show that there 
exists a separable field extension k — > L such that the corresponding 
Spec (L)- valued point lifts to Vty^x- 

The reduced support Z = \ Supp{S') \ is a disjoint union of a finite 
set of points, given by finite field extensions k — > ki with i = 1, . . . ,m. 
Then /~^(Spec(A;j)) is also a finite union of points l-ifiLi Spec(Lj.), with 
ki — > Lj^ a finite separable field extension for ji = 1, . . . ,mj. There 
exists a finite separable field extension k — y L such that the induced 
map ki L — > Lj. L splits, for all i = 1, . . . , m and all ji = 
1, . . . , mj. Then 

f~^iZ) Xspec{fc) Spec(L) ^ Z xspec{fc) Spec(L) 

has a section, and we have that the corresponding Spec(L)-valued point 
of Quot^ lifts to fly^x- W^e then have proven surjectivity, and 
consequently, accordingly to definition in |RG71j . that Quot^ is 
an algebraic space. That the algebraic space representing Quot" _ is 
separated follows from Lemma and the Cartesian diagrams l6.10[ □ 

Remark 6.12. With Fx = Gx the structure sheaf on X, the Quot 
functor Quot^ is the Hilbert functor Hilb ^/g. The situation with 

the Hilbert scheme was considered in |ES04j . and a similar approach 
for Hilbert stacks was done in IRydll] . Note that when Fx = then 
we get by Lemma 15. 141 that coy-^x — ^y^x- 

Remark 6.13. The separated assumption of X — > is a necessary 
condition for representability |LS08] . On the other hand there exist 
examples of separated schemes X — > S for which the Quot functor is 
not represented by a scheme |Knu71j . but only an algebraic space. Thus 
when considering representabihty, the setting with separated algebraic 
spaces X — > S is the natural one. 

Remark 6.14. The above result in its generality is not covered by the 
result of Artin |Art69] : we have no restriction on the base space S, and 
we do not assume that X — > S is of locally finite type. 
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